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The close interplay between geometry, topology and algebra turned out to be a most crucial
point in the analysis of low dimensional field theories. This is particularly true for the large
class of topological and almost topological two-dimensional field theories which can be treated
comprehensively in the framework of Poisson-σ models. Examples are provided by pure Yang-
Mills and gravity theories and, to some extent, by the G/G gauged WZW-model.
It turned out [1, 2, 3] that the common mathematical structure behind these theories is the
one of Poisson manifolds. In the present contribution we review how this structure leads to the
formulation of the Poisson-σ models. We will demonstrate that the general features of Poisson
manifolds provide powerful tools for the analysis of these models. And we will apply the results to
the examples mentioned above.
For pedagogical reasons we will, in the presentation of the examples, restrict ourselves to SU(2)
as gauge groups of YM and G/G and, in the case of gravity theories, to R2-gravity (R being the
Ricci scalar). This has the advantage that the considered target spaces will turn out to be three-
dimensional then, opening possiblities for a simple visualization and explicitness of formulas. The
method is, however, by no means restricted to these cases; for YM and G/G, e.g., even arbitrary
non-compact gauge groups are comprised by the treatment.
Let us start by reviewing some features of Poisson manifolds [4], which finally will become the
target space of our 2D field theories. (To avoid any confusion, let us note right away that the
notion of a Poisson manifold is somewhat more general than the one of a symplectic manifold).
Denote by N a manifold equipped with a Poisson bracket relation {., .} between functions on
N . By definition the Poisson bracket is bilinear and antisymmetric. It is, moreover, subject to the
Leibnitz rule {f, gh} = {f, g}h+ g{f, h} and the Jacoby identity {f, {g, h}}+ cycl. = 0.
In local coordinates X i on N a Poisson bracket may be expressed in terms of a two-tensor
P ij(X) := {X i, Xj}. With the Leibnitz rule this relation determines the Poisson structure
uniquely:
{f, g} = P ijf,ig,j . (1)
where f,i ≡ ∂f/∂X i and summation convention is understood. From (1) it is obvious that P ij
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transforms covariantly under coordinate transformations. In terms of P ij the Jacoby identity reads
P ij ,kPkl + cycl.(i, j, l) = 0 . (2)
There is another consequence of the Leibnitz rule: The Poisson bracket of the constant function
with anything else vanishes. In the case of a general Poisson manifold there may be also other
functions which share this property. They are called Casimir functions.
An example for a 2n-dimensional Poisson manifold is provided by the phase space of an n-
particle system: Denote by Qα the positions of the particle and by Pα the momenta. The Poisson
structure is then given by {Qα, Pβ} = δαβ and {Qα, Qβ} = 0 = {Pα, Pβ}.
With (1) it is easy to see that the constant function is the only Casimir function in this
example, which obviously holds whenever P ij is nondegenerate. Actually Poisson manifolds with
nondegenerate P are symplectic manifolds, the symplectic two-form being equal to the inverse of
the Poisson tensor P . For them the above example is in some sense generic: Locally any symplectic
manifold allows so-called Darboux coordinates such that the Poisson tensor takes the form of the
2n× 2n matrix: (
0 1I
−1I 0
)
, (3)
where 1I denotes the n× n unit matrix.
Another example for a Poisson structure is given by the Poisson bracket
{X i, Xj} =
3∑
k=1
εijkXk (4)
on IR3, where εijk is the completely antisymmetric three-tensor. Obviously the Poisson structure
(4) is degenerate: Darboux coordinates cannot exist on a manifold of odd dimension. Indeed
R2 :=
∑3
i=1X
iX i is a Casimir function.
In the example (4) the Poisson structure can be restricted consistently to any two-sphere given
by the choice of a constant value for R2. The restricted Poisson structure is nondegenerate. It is
easy to convince oneself that Darboux coordinates on a two-sphere of radius R0 are provided by
one of the coordinates X i and the azimutal angle around the respective axis; e.g. with Z := X3 and
Φ := arctan(X2/X1) it follows from (4) that {Φ, Z} = 1. The physical phase spaces corresponding
to these two-spheres are the classical analogues of spin systems. (We will come back to this point
below.)
The picture outlined here generalizes in a straightforward way: A Poisson manifold with de-
generate Poisson structure foliates into a family of lower dimensional manifolds (symplectic leaves)
each of which is characterized by assigning constant values to the Casimir functions and is equipped
with a nondegenerate Poisson structure. To be more precise: Some of the symplectic leaves may
have lower dimension than the generic ones, such as the origin X i = 0 in the example (4), and
in some of these cases (not so for (4)) level surfaces of Casimir functions correspond to several
symplecitc leaves. Moreover, a symplectic leaf need not be a (regular) submanifold of N , i.e. it
might wind around densely in some higher dimensional subregion of N (as a higher-dimensional
generalization of what one knows from paths on a torus in classical mechanics, cf., e.g., [5]). In
that case constant values of Casimir functions characterize parts of such leaves only. So what we
are dealing with is a stratifacation of N rather than a foliation. Nevertheless we will stick to the
more common nomenclature introduced before.
As an example for a nonlinear Poisson structure let us take the quadratic modification
{X,Y } = −Z2 + 1
4
, {Y, Z} = X , {Z,X} = Y (5)
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of (4) on IR3 with coordinates (X,Y, Z), which will become relevant in the analysis of (Euclidean)
R2-gravity (with cosmological constant). It is straightforward to check that
CR2 := X
2 + Y 2 − 23Z3 + 12Z , (6)
is a Casimir function of the bracket (5). Φ := arctan(Y/X) and Z, on the other hand, are still
canonical conjugates (i.e. {Φ, Z} = 1). They may be used as local Darboux coordinates on any of
the symplectic leaves, which (generically) coincide with the level surfaces of (6).
It is a nice excercise to visualize the ’foliation’ of N = IR3 into symplectic leaves. This is done
most easily by rotating the square root of the positive parts of
h(Z) := 23Z
3 − 12Z + CR2 (7)
around the Z-axis (since h(Z) = X2+Y 2). The resulting picture is the following: For values of CR2
smaller than −1/6 the symplectic leaves are diffeomorphic to the (X,Y )-plane. At CR2 = −1/6
there is an additional pointlike leaf at (X,Y, Z) = (0, 0,− 12 ). Indeed, this is one of the two
points where the right-hand side of (5) (and thus also the Poisson tensor P) vanishes. Within the
range (−1/6, 1/6) of the Casimir, the pointlike leaf turns into an ellipsoid, again accompanied by
a ’plane’ (situated at larger values of Z). For CR2 = 1/6 the ellipsoid and the plane touch at
(X,Y, Z) = (0, 0, 12 ). This value of CR2 corresponds to three symplectic leaves: An ellipsoid with
one pole taken out (∼ plane), this pole (X,Y, Z) = (0, 0, 12 ), and a ’plane without origin’. For
larger values of the Casimir, finally, one has only planar leaves again.
Let us come back to the Poisson structure (4) and see its role in the two dimensional Yang Mills
theory. The field content of the latter is given by an su(2) algebra-valued one-form A = AiT
i on a
two-dimensional worldsheetM , where the generators T i of su(2) may be represented by imaginary
multiples of the Pauli matrices. Then the action reads:
LSU(2) =
1
2α
∫
M
tr F ∧ ∗F , F = (dAi + 12εjkiAj ∧Ak)T i . (8)
Here α is a coupling constant and the Hodge dual ∗ is to be taken with respect to some volume-form
µ on M .
To analyze the model one may find it useful to rewrite the action in a first order formalism.
Denoting the momenta conjugate to the connection A (or, more precisely, to A1i) by X
i, one
obtains
L′SU(2) =
∫
M
X i(dAi +
1
2
εjkiAj ∧Ak)− α
2
µXiX
i . (9)
The equivalence to (8) is seen most easily by inserting the field equation Xi =
1
α
∗ Fi into (9).
Equivalently one might perform the Gaussian integral over X i in (9). Now with (4) and a partial
integration the SU(2)-YM-action (9) may be seen to be of the form
L = Ltop + LC
Ltop =
∫
M
Ai ∧ dX i + 12P ij(X)Ai ∧Aj (10)
LC =
∫
µ C(X) ,
where C(X) denotes the Casimir function −α2R2 of the Poisson bracket (4).
This form provides a natural generalization of the Yang Mills theory: Let M be the two-
dimensional worldsheet of a field theory. As dynamical fields we first take coordinates X i on some
arbitrary Poisson manifold N . Additionally we take a field A which is one-form valued on M as
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well as on N , i.e., with coordinates xµ on M , A can be written as A = Ai ∧ dX i = Aµidxµ ∧ dX i.
Then Ltop provides (the topological part of) the Poisson σ-model action. With the additional
input of a volume-form µ on M and the choice of a Casimir function C it may be extended further
by the addition of LC.
Ltop is defined without any reference to a background metric on M . This establishes that
the model defined by the action Ltop is a topological field theory of the Schwarz type [6]. In the
SU(2)-case this corresponds to the topological Yang-Mills theory with coupling constant α → 0
(BF-theory). The addition of a nontrivial LC to the action, of course, spoils the topological nature
of the model.
The symmetries of the Poisson-σ-model (10) are a straightforward generalization of the SU(2)
gauge symmetry, where the structure constants are replaced by derivatives of the Poisson tensor:
δǫX
i = ǫi(x)P ij , δǫAi = dǫi + P lm,iAlǫm . (11)
Proving the invariance of the action under these transformations, the Jacoby identity (2) is most
important. So here it becomes clear that this identity plays a crucial role in the theory of Poisson-
σ-models.
From the action L = Ltop + LC the equations of motion follow immediately:
dX i + P ijAj = 0 ,
dAi +
1
2P lm,iAl ∧Am + C,i = 0 .
(12)
In the beginning of this talk we asserted that the special features of Poisson structures greatly
facilitate the analysis of Poisson-σ-models. This is best illustrated by the classification of the local
solutions of the field equations:
Remember that any Poisson manifold foliates into a family of symplectic leaves. The latter
may be parametrized by a complete set of independent Casimir functions XI . On each of the
symplectic leaves we may find Darboux coordinates Xα. Together Casimir functions and Darboux
coordinates give rise to a coordinate system (XI , Xα) on N with PIi = 0 = P ij ,k and Pαβ having
the standard form (3).
In these coordinates any Casimir function C on N depends on the XI only. The equations of
motion (12) simplify to
dXI = 0 , dAI = −C,I , Aα = (P−1)βαdXβ , (13)
where, as a matrix, (P−1)βα = Pαβ according to (3). So the XI(x) have to be constant on M , but
otherwise arbitrary, whereas the Xα(x) remain completely undetermined by the field equations.
Any choice of the latter determines Aα uniquely through the last equation in (13). Each of the AI
is determined up to an exact one-form only.
Still one has not made use of the gauge freedom. As is obvious from (11) any choice of the Xα
is gauge equivalent, and also AI ∼ AI + dhI , where the hI are arbitrary functions. Thus locally
any solution to the field equations is uniquely determined by the constant values of the XI .
Let us illustrate the usefulness of such considerations at the example of 2D R2-gravity with
Lagrangian
LR2 =
1
4
∫
M
d2x
√
det |g| ( 14R2 + 1) . (14)
Here g is the metric onM , which, for simplicity, we take to be of Euclidean signature, and R is the
Ricci scalar of the corresponding Levi-Civita connection. First we have to clarify how the action
(14) fits into our framework. The decisive observation is that
L′
R2
=
∫
X (de1 − ω ∧ e2) + Y (de2 + ω ∧ e1) + Zdω + (14 − Z2) e1 ∧ e2 (15)
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constitutes an equivalent formulation of (14) in an Einstein-Cartan formalism with zweibein e1, e2
(so g = e1e1+e2e2) and connection one-form ω. IndeedX and Y are seen to be Lagrange multipliers
for torsion zero and the elimination of Z, analogous to the one of the X i in the transition from
(9) to (8), reproduces the R2-term due to the relation R = 2 ∗ dω. Now it is straightforward to
verify that upon the identification X i = (X,Y, Z) and Ai = (e
1, e2, ω) (15) takes the form (10)
with C = 0 and the Poisson bracket (5).
According to our study of that bracket Casimir-Darboux coordinates are provided here by
(CR2 ,Φ, Z) =: X˜
i ≡ (XI , Xα) (cf. Eq. (6)). Then (13) yields A
1˜
= df , A
2˜
= dZ, and A
3˜
= −dΦ,
where f , Z, and Φ are some arbitrary functions on the worldsheet M . Let us choose f and Z to
coincide with coordinates x0/2 and x1 on M , respectively. It then is a simple calculation to verify
that with Ai =
∂X˜j
∂Xi
A
j˜
one obtaines for the metric g = A1A1 +A2A2:
g = h(x1)(dx0)2 +
(dx1)2
h(x1)
(16)
where the function h has been defined in (7). A procedure completely analogous to the one
above reveals that (16) holds also for Minkowskian signature, if one merely changes the sign in
front of the first term. So in the Euclidean and in the Minkowskian case of (14) locally g is of a
generalized Schwarzschild form and is parametrized by one quantity CR2 , which plays the role of
the Schwarzschild mass.
Additional structures evolve, if global aspects are taken into account. In [7], e.g., a classifica-
tion of all global solutions to (14) (and many other gravity models) is provided for Minkowskian
signature. This classification contains continuous and discrete parameters in addition to CR2 . But
already the global classification of Euclidean solutions of (14) is still an open problem to the best
of our knowledge. It is hoped that the Poisson σ-formulation is helpful also in this respect.1
The features of Poisson manifolds are not only helpful in the classical theory, but also in the
quantum theory of Poisson-σ-models. To illustrate this, let us analyze the quantum states in a
Hamiltonian formulation.
To this end let us assumeM to be of the form S1×IR, parameterized by a 2π-periodic coordinate
x1 and the evolution parameter x0. As the action (10) is already in first order form, the derivation
of the corresponding Hamiltonian system is simple. The zero components A0i of the Ai play the
role of Lagrange multipliers giving rise to the system of first class constraints (∂ = ∂/∂x1)
Gi ≡ ∂X i + P ijA1j ≈ 0 . (17)
The fundamental Poisson brackets (not to be confused with the Poisson brackets on the target
space N) are given by
{X i(x1), A1j(y1)} = −δij δ(x1 − y1) (18)
and the Hamiltonian reads
H =
∫
dx1(C −A0iGi) . (19)
To quantize the system in an X-representation we consider quantum wave functions as complex
valued functionals on the space ΓN of parameterized smooth loops in N :
ΓN = {X : S1 → N, x→ X i(x)} . (20)
1Actually, it turns out that a classification of all solutions to the Poisson σ-model with Poisson structure (5)
and trivial fibration (cf. below) on arbitrary Riemann surfaces M = Σγ is not too difficult. However, since Σγ
with genus γ 6= 1 has a nontrivial tangent bundle, X1 and X2 are no more mere functions on M = Σγ , but they
are sections of a nontrivial vector-bundle. So, in order to describe Euclidean R2-gravity correctly by its powerful
reformulation as a Poisson σ-model, a nontrivial fibration of the target space N over the base-manifold M will have
to be taken into account.
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Following the Dirac procedure, only such quantum states are admissible which satisfy the quantum
constraints (h¯ := 1)
Gˆi(x)Ψ[X ] =
(
∂X i(x) + iP ij(X) δ
δXj(x)
)
Ψ[X ] = 0 . (21)
To get some insight into the problem of solving (21), let us specify the constraints for the SU(2)
case, using the Casimir-Darboux coordinates (R,Φ, Z). We have
(∂R)Ψ = 0 , (∂Φ+ i
δ
δZ(x)
)Ψ = 0 , (∂Z − i δ
δΦ(x)
)Ψ = 0 . (22)
The first equation (22) is seen to restrict the support of Ψ to loops which are contained entirely
in some of the two-spheres with constant R. It is easy to see, furthermore, that the remaining
equations (22) are solved by
Ψ = exp
(
i
∮
X
∂Φ(x)Z(x)dx
)
(locally on ΓS) , (23)
where ΓS is the space of loops on a chosen two-sphere S. As the differential equations on ΓS
are of first order, this local solution is unique up to a multiplicative (generally R-dependent)
constant. However, as it stands (23) is not well-defined for loops intersecting one of the poles
X i = (0, 0,±R) and also, generically, it is discontinuous there. (Consider, e.g., an infinitesimal
loop winding around the North-pole X i = (0, 0, R) and another one close to that North-pole
having trivial winding number. On the first loop (23) yields (approximately) Ψ = exp(i2πR), on
the second one Ψ = 1). Multiplying (23) by exp(−iR ∮ ∂Φdx), which, on the patch of validity
of (23) in ΓS , is an R-dependent constant, the discontinuity of (23) at the North-pole may be
removed. However, continuity at the South-pole yields a restriction to loops on spheres S with
integer or half-integer radius R.
The situation is overviewed best [8], if one reformulates (23) with Stokes’ theorem as
Ψ[X ] ∝ exp
(
i
∫
D
dZ ∧ dΦ
)
, ∂D = X , (24)
i.e. D is a two-surface the boundary of which is the argument loop of the wave functional. Now,
the two-form dZ ∧ dΦ =: Ω is well-defined all over a two-sphere S of fixed radius R; obviously Ω
is nothing but the symplectic two-form on S. According to (24) the phase factor of Ψ is the area
enclosed by X (measured by means of Ω). All the ambiguity is now separated into the ambiguity
of choosing D on a two-sphere S such that its boundary coincides with a given loop X . Obviously
there are two inequivalent choices for D. Ψ should be unaffected by this choice. This is the case,
iff the total area of the sphere is an integer multiple of 2π, which again leads to 2R ∈ Z.
In this formulation the generalization to arbitrary Poisson σ-models is straightforward: For any
integral symplecitc leaf there exists one quantum state of the Poisson σ-model. By definition a
symplectic leaf S is called integral, iff the integral of the symplectic form Ω over any closed surface
Σ ⊂ S is an integer multiple of 2π: ∮
Σ
Ω = 2πn , n ∈ Z . (25)
To be more precise, this result only holds, if the first homotopy of the symplectic leaves S is
trivial. Otherwise it might happen, that a loop X serving as argument in the wave function does
not enclose an area. In this case we have to take the area between X and a reference loop in the
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same homotopy class as the phase factor in the wave function. (The construction given above for
trivial homotopy corresponds to choosing a constant (pointlike) loop as reference loop). Effectively
this yields that the wave function depends on an additional quantum number parametrizing the
first homotopy group of the symplectic leaves.
To get further insight into the integrality condition (25), observe that the integrality of the sym-
plectic form on a classical phase space is nothing but the Bohr-Sommerfeld quantization condition.
So the integrality condition (25) means that the classical phase space associated with a symplectic
leaf is quantizable [9]. We already mentioned that the symplectic leaves in the SU(2)-example may
be seen as the classical analogues of spin systems. In that case the integrality condition expresses
the fact that spin is always integer or half integer. According to the analysis above, to any quantum
spin system there exists one state of the SU(2) YM-theory.
Next let us specify the results for the example of Euclidean R2-gravity characterized by the
Poisson structure (5). We found that for any value of the Casimir CR2 there exists one symplectic
leaf which is diffeomorphic to IR2 ∼ T ∗IR (beside possibly additional ones that will be dealt with
below). These leaves are certainly always quantizable phase spaces, (25) is satisfied trivially. So
the proportionality constant in (24) becomes an arbitrary function of CR2 here. This leads to
physical wave functions on a line effectively. However, this is not all of the story. We know that
for CR2 ∈ [−1/6, 1/6] there are further symplectic leaves and we have to find out which of them
are quantizable.
For the pointlike leaf at CR2 = −1/6 the integrality condition (25) is satisfied trivially. So, we
obtain one additional quantum state of R2-gravity for this value of the Casimir. (It is arguable,
however, whether this state contributes to the physical Hilbert space: Possibly it should not be
taken into account because the corresponding gauge orbit is of lower dimension than the generic
ones). Next we have to clarify which of the elliptic leaves are quantizable (CR2 ∈ (−1/6, 1/6)).
This is not too difficult: Integrating the symplecitc form Ω = dZ ∧dΦ over the respecitve ellipsoid,
obviously one obtains an integer multiple of 2π, iff the ’height’ Zmax − Zmin of the ellipsoid is an
integer. An explicit calculation shows that this is the case only for the ellipsoid at CR2 = 1/9
√
6
(→ Zmax = 1/2− 1/
√
6, Zmin = −1/2− 1/
√
6). This definitely provides an additional quantum
state of R2-gravity and the spectrum of the Casimir becomes twofold degenerate at that specific
value. At CR2 = 1/6 the situation is not that clear: There are three leaves, one of which is not
simply connected. The latter fact would lead to an infinite number of states at that value of CR2 .
However, the space of gauge orbits is not Hausdorff precisely there. Some continuity requirement
thus might lead effectively to an identification of all these additional states. Evidently, at this
point there is some ambiguity in how to define a quantum theory.
Studying (14) for Minkowskian metrics g, one again obtains a continuous spectrum for CR2 .
Now, however, this spectrum is infinitely degenerate within all of the range (−1/6, 1/6). The reason
is that those leaves that have been elliptic in the Euclidean formulation of the theory, turn into
(two-dimensional) non-compact (⇒ condition (25) statisfied always) and non-simply connected
ones (cf. [7] for more details).
As a last application of the theory of Poisson σ-models we consider the G/G WZW model. Its
action is
LGWZW (g, a+, a−) =
k
8π
∫
M
tr
(
g˙g−1g˙g−1 − ∂gg−1∂gg−1) d2x+
+ k12π
∫
Bwith ∂B=M tr
(
dgg−1 ∧ dgg−1 ∧ dgg−1)
+ k4π
∫
M
tr [a+(g˙ − ∂g)g−1 − a−g−1(g˙ + ∂g)− a+ga−g−1 + a+a−] d2x ,
(26)
where g takes values in some Lie-groupG and a± in the corresponding Lie-algebra. The second line,
the Wess-Zumino part of the action, requires a restriction of k to integers; under this condition it
becomes single-valued modulo 2π. The first two lines in (26) are a conformal generalization of the
action for a free scalar field: Indeed for g ∈ U(1) ↔ g = exp(iφ) this action becomes proportional
7
to
∫
[φ˙2−(∂φ)2]d2x. The third and last line in (26) ensures that the global symmetry under adjoint
transformations, g → h−1gh, of the previous lines becomes a local gauge symmetry of the action
(upon a± → h−1a±h+ h−1h˙± h−1∂h).
For semisimple G (26) may be brought into Poisson σ-form. This shall be displayed for G =
SU(2). In that case
g =
(
X1 + iX2 X3 + iX4
−X3 + iX4 X1 − iX2
)
, (27)
where the X i ∈ IR are subject to the condition
4∑
i=1
X iX i = 1 . (28)
This displays best that topologically SU(2) is a three-sphere S3. Also it is easy to determine the
symmetry orbits of (26), i.e. the conjugacy classes g ∼ h−1gh: They are described by constant
values of X1 = tr g/2 and according to (28) they are two-spheres for X1 ∈ (−1, 1) and points for
the poles of the S3 X1 = ±1.
Rewriting (26) in first order form and integrating out a+, which then enters quadratically, one
finds [2]
L′GWZW = Ltop(g,A) + Lδ(g) . (29)
Here Ltop is the action (10) with Poisson bracket
{X i, Xj} = 2π
k
(X1 + iX2)
4∑
l=1
ε1ijlX l , (30)
where εijlm is the completely antisymmetric four-tensor. Lδ, on the other hand, is
Lδ = k
∫
B
δ(X1)δ(X2) dX1 ∧ dX2 ∧ dφ , (31)
where we have introduced an angular variable φ via
exp(iφ) :=
X3 + iX4√
(X3)2 + (X4)2
. (32)
Lδ is a relict of the Wess-Zumino term in (26). The corresponding integrands
δ(X1)δ(X2) dX1 ∧ dX2 ∧ dφ (33)
and dgg−1 ∧ dgg−1 ∧ dgg−1/12π, respecitvely, are from the same (non-trivial) cohomology class
on SU(2) and (33) is a representative of this class with minimal support. The support of (33) is
merely an S1 (X1 = X2 = 0 ⇒ (X3)2 + (X4)2 = 1), which obviously is contained entirely within
the conjugacy class X1 = 0. As a consequence we will be allowed to disregard Lδ in the analysis
of (29) for all symmetry orbits X1 6= 0.
The Poisson tensor (30) is not real and consequently also the Ai are complex valued now. Still
the equations of motion resulting from the action (29) as well as the Hamiltonian structure are
completely equivalent to the original formulation (26), at least if appropriate conditions for A
at (X1, X2) → (0, 0) are taken into account, cf. [2]. As the complex conjugate fields A¯i do not
enter (29), the A¯i may be eliminated in a Hamiltonian formulation right at the beginning and, for
X1 6= 0, one is left again with (17) and (18).
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Let us remark here also that due to (28) the dX i are not linearly independent. Consequently
only three of the Ai are independent. Alternatively we could have introduced true local coordinates
X i on SU(2), i = 1, 2, 3. However, the embedding of SU(2) into IR4 has advantages with respect
to a global description. Note that the restriction of the Poisson tensor (30) on IR4 to SU(2) is
consistent, because the left-hand side of (28) is a Casimir function.
As expected X1 is a Casimir function of (30). However, the direct identification of conjugacy
classes of SU(2) with symplectic leaves fails for the two-sphere X1 = 0, as obviously the Poisson
tensor P ij vainishes at its equator (X1, X2) = (0, 0). This artifact turns out to be cured, however,
when Lδ and the boundary conditions for the A-fields are taken into account [2], so that also
X1 = 0 corresponds to one symmetry orbit of (29) only.
Let us determine which of the symplectic leaves are integral now. Certainly the pointlike ones
at X i = (±1, 0, 0, 0) are. As the angular variable φ and (ik/2π) ln(X1 + iX2) are canonically
conjugates with respect to (30), on the remaining two-spheres X1 = const 6= 0 the symplecitc
two-form may be written as
ΩGWZW =
ik
2π
d ln(X1 + iX2) ∧ dφ . (34)
Introducing another spherical coordinate θ on S3 by X1 := cos θ, θ ∈ [0, π], the respective S2
is parametrized by φ ∈ [0, 2π] and X2 ∈ [− sin θ, sin θ], with θ fixed, and the integral over the
symplectic form becomes∮
S2
ΩGWZW =
{
2kθ , θ ∈ [0, π/2) ↔ X1 ∈ (0, 1]
2k(θ − π) , θ ∈ (π/2, π] ↔ X1 ∈ [−1, 0) . (35)
Here we made use of the fact that for X2 = ± sin θ one has ln(X1 + iX2) = 2iθ+ n2πi, where the
integer n is determined most easily by the requirement that
∫
ΩGWZW = 0 for the pointlike leaves
at X1 ≡ cos θ = ±1. So, those leaves characterized by a value of X1 = cos θ yielding an integer
multiple of 2π for the righthand side of (35) carry a quantum state of the SU(2)-GWZW-model.
At the equator of the two-sphere X1 = 0↔ θ = π/2 clearly the symplecitc form (34) becomes
ill-defined and so becomes its integral (35). Here one has to take into account the changes induced
by Lδ and the above-mentioned conditions on the A-fields. However, the correct result may be
guessed already by a simple limiting procedure: From (35) we obtain
lim
X1→0
∫
S2
ΩGWZW = kπ mod2π , (36)
which, for integer k, is unique up to 2π. As may be verified by a more careful analysis [2], indeed
the adjoint orbit X1 = tr g/2 = 0 carries a quantum state, iff (36) is an integer multiple of 2π, i.e.
iff k is even.
Summing up, we conclude that the integral orbits (i.e. the orbits or conjugacy classes allowing
for nontrivial quantum states of the SU(2)-GWZW model) are given by θ = nπ/k ↔ X1 =
cos(nπ/k), n = 0, 1, ...k . Here we counted also the two states localized at the pointlike orbits at
g = ±1I. If one disregards these states, one should renormalize k to k + 2 simultanously so as to
reproduce standard path integral results.
It is instructive to compare the final picture with that of the YM theory. There we had
N = su(2) = IR3, now we have N = SU(2) = S3. Both target spaces N are foliated into two-
spheres, one respectively two of which degenerate to a point. In the YM-case an infinite number of
these two-spheres is integral, in the G/G case it is a finite number only. We have seen, furthermore,
that any of the YM-quantum states corresponds to a quantum spin system and thus to a unitary
representation of the su(2)-algebra. One can show that similarly any of the G/G-quantum states
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is associated to a representation of the quantum group suq(2) with q = exp[i2π/(k + 2)]. These
results generalize to arbitrary compact gauge groups in an obvious manner.
A final remark: The YM-theory taught us a lecture of what kind of terms may be added to
Ltop without spoiling its symmetries (11). So does the G/G-model: Given a two-form or a closed
three-form on N which is invariant under all symmetries generated by vector-fields of the form
P ijd/dXj (as is the case for (33)), one may extend the Lagrangian by adding the pull-back of this
form to M . As this does not involve any metric or volume-form on M , the resulting action is still
topological.
Already by means of these simple examples the richness of the Poisson σ-model on the quantum
level becomes obvious. Still with respect to the calculation of the partition function for the general
model only partial results have been achieved yet [3]. It will be interesting to investigate further
what kind of topological features of the target space of the theory are encoded in the partition
function and correlators of the Poisson σ-model. Independently of this, it should have become
clear by the exposition above that Poisson σ-models allow for a comprehensive treatment of many
seemingly different 2D field theories.
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